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Abstract. Hara [ Ha5 ] and Smith Sm2| independently proved that in a normal 



Q-Gorenstein ring of characteristic p>0, the test ideal coincides with the multi- 
plier ideal associated to the trivial divisor. We extend this result for a pair (R, A) 
of a normal ring R and an effective Q-Weil divisor A on Spec R. As a corollary, 
we obtain the equivalence of strongly F-regular pairs and kit pairs. 



Introduction 

Recently it turned out that there exists a relation between multiplier ideals and 
tight closure. Precisely speaking, it was proved that some algebraic statements 
established by multiplier ideals could also be understood via tight closure, for ex- 



ample, Briangon-Skoda theorem (see [BS|, [ HH1 ] and ||La|| ), the problem concerning 



the growth of symbolic powers of ideals in regular local rings (see |[ELS|| and ||HH3|| ), 
etc. The purpose of this paper is to give an interpretation of multiplier ideals via 
tight closure. 

The theory of tight closure was introduced by Hochster and Huneke |[HHl| , using 
the Frobenius map in characteristic p > 0. In this theory, test ideals play a central 
role. On the other hand, multiplier ideals, for which we have the strong vanishing 
theorem, are fundamental tools in birational geometry. Hara |[Ha3j| and Smith ||Sm2 



independently proved that in a normal Q-Gorenstein ring of characteristic p>0, the 
test ideal coincides with the multiplier ideal associated to the trivial divisor. Since 
the real worth of multiplier ideals is displayed in considering pairs, we attempt to 
extend this result for pairs. Here, by a pair, we mean a pair (R, A) of a normal ring 
R and an effective Q-Weil divisor A on Spec R. 

Hara generalized the notion of tight closure to that for pairs, which is called A- 
tight closure (cf. | HW| , Problem 5.3.2]). Using the A-tight closure operation, we 



introduce the ideal t(R, A) associated to a pair (R, A), which is a generalization 
of the notion of test ideals. We denote by J~(Y, A) the multiplier ideal of (Y, A). 
Then, our main result is stated as follows: 

Theorem 3.2. Let (R,va) be a normal local ring essentially of finite type over a 
field of characteristic zero and A an effective Q- Weil divisor on Y = Spec R such 
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that Ky + A is Q-Cartier. Then, in characteristic p ^> 0, 

t(R,A) = J(Y,A). 

When A = 0, our main theorem coincides with Hara and Smith's result, and they 
used the strategy which is to reduce to the case where the ring R is quasi-Gorenstein 
by passing to an index one cover. However we cannot use this strategy, because in 
general Ky could be a non-Q-Cartier divisor, even if Ky + A is Q-Cartier. So we 
give the direct proof which does not use an index one cover. 

As a corollary of the main theorem, we get the equivalence of "F-singularities of 
pairs" and "singularities of pairs." 

The notions of F-regular and F-pure rings, which are closely related to the the- 
ory of tight closure, were defined by Hochster and Huneke ||HH1|| and Hochster and 



Roberts |HR|| respectively. Recently it became clear that F-singularities (F-regular 



and F-pure rings) correspond to singularities arising in birational geometry (Kawa- 
mata log terminal and log canonical singularities). See |[Ba2 l, |HW|| , ||MS|| and |(Sml 



The notions of Kawamata log terminal (or kit for short) and log canonical (or lc for 
short) singularities are defined not only for normal rings but also for pairs, and it is 
these "singularities of pairs" that play a very important role in birational geometry. 
Therefore Hara and K.-i. Watanabe |[HW|| generalized the notions of F-singularities 
to those for pairs, and they conjectured the equivalence of "F-singularities of pairs" 
and "singularities of pairs." We prove their conjectures. 

The ideal t(R, A) defines the locus of non- F-regular points of (R, A) in SpecR 
under the assumption that Kr + A is a Q-Cartier divisor. Likewise, the multiplier 
ideal <J (SpecR, A) defines the locus of non- kit points of (Spec R, A). Hence we 
obtain the following result as a direct consequence of the main result. 

Corollary 3.4 ([ [HW| , Conjecture 5.1.1]). Let (R,m) be a normal local ring essen- 
tially of finite type over a field of characteristic zero and A an effective Q- Weil 
divisor on Y = Speci? such that Ky + A is Q-Cartier. Then, (Y, A) is kit if and 
only if (R, A) is of strongly F-regular type. 
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Kei-ichi Watanabe for various comments and many suggestions, Professor Nobuo 
Hara for helpful advices and valuable information about the subadditivity theorem 
for the ideal "r(i?, a)," and Yasunari Nagai for many discussions about birational 
geometry. 



1. Preliminaries 



1.1. F-singularities of pairs. First we briefly review definitions and basic proper- 
ties on "F-singularities of pairs," which were introduced by Hara and K.-i. Watanabe. 
Refer to ||HW]| for details. 
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Throughout this paper, all rings are commutative Noetherian integral domains 
with identity. Let R be an integral domain of characteristic p > and F : R — > R the 
Frobenius map which sends x to x p . Since R is reduced, we can identify F : R — > R 
with the natural inclusion map R ^ R l l p . R is called F-finite if R i? 1 ^ is a 
finite map. For example, any algebra essentially of finite type over a perfect field is 
F-finite. We also remark that if R is F-finite, then R is excellent ||Ku| . 



Notation. Let R be a normal domain with quotient field K. A Q-Weil divisor 
D on Y = Spec R is a linear combination D = J2i=i a tDi of irreducible reduced 
subschemes Di C K of codimension one with rational coefficients tij. The round-up 
and round-down of D is defined by \D~\ = YH=i \ a i\ A an d L-^J = S[=iL a d-^«- We 
also denote 

= {i e if div B (:r) + D > 0}. 



Definition 1.1 ([ [HW| , Definition 2.1]). Let R be an F-finite normal domain of 



characteristic p > and A an effective Q- Weil divisor on Spec R. 

(1) (R, A) is said to be F-pure if the inclusion map R ^ R((q - l)A) 1/g splits 
as an H-module homomorphism for every q = p e . 

(2) (R, A) is said to be strongly F-regular if for every nonzero element c 6 i?, 
there exists q = p e such that c l l q R <— >• — l^A) 1 ^ splits as an i?-module 
homomorphism . 

Remark 1.2. (i) i? is F-pure (resp. strongly F-regular) if and only if (i?, 0) is F- 
pure (resp. strongly F-regular). Refer to ||HH1|| , |[HH2|| and [PR]| for strongly 



F-regular and F-pure rings. Here we only note that the following implications 
hold for rings. 

regular =>■ strongly F-regular =^ normal and Cohen-Macaulay 
F-pure 

We can replace R((q — ^A) 1 / 9 by i?( [gA] ) 1 / 9 in the above definition of strong 
F-regularity. 



Basic Properties ( ||HW| , Proposition 2.2]). Let (R,A) be as above. 



(i) Strong F-regularity implies F-purity. 

(ii) (R, A) is strongly F-regular if and only if for every nonzero element cGi?, 
there exists q' such that c x l q R R(q/S) l / q splits as an i?-module homomor- 
phism for all q = p e > q'. 

[in) If (R, A) is strongly F-regular, then |_AJ = 0. 

(iv) If (R, A) is F-pure, then [A] is reduced. 

(v) If (R, A) is F-pure (resp. strongly F-regular), so is (R, A') for every effective 
O-Weil divisor A' < A. 



Example 1.3 (cf. 0, Theorem 2.5] and [jHWj Corollary 2.7]). Let R 



k[[xi, . . . , x n ]] be an n-dimensional complete regular local ring over a field k of char- 
acteristic p > and A = div^xf 1 + ■ ■ • + x°i n ). Assume that p is sufficiently large 



4 



SHUNSUKE TAKAGI 



and let t = min{l, Y^=i !"}• Then, (R,tA) is strongly F-regular if and only if 
t < to- If {R,tA) is F-pure, then t < t Q . When Yli=x T > ^> then {R^oA) is always 
F-pure. On the other hand when Y^i=\ Z" — 1' t nen {R-> ^oA) is F-pure if p = 1 mod 
di for every i = 1, . . . , n. 

The notions of F-regularity and F-purity are also defined for rings of characteristic 
zero as follows. 

Definition 1.4. Let R be a finitely generated normal domain over a field k of 
characteristic zero and A an effective Q-Weil divisor on Spec R. The pair (R, A) 
is said to be of F-pure type (resp. strongly F-regular type) if there exist a finitely 
generated Z-subalgebra A of k, a finitely generated normal A-algebra Ra and an 
effective Q-Weil divisor A^ on Speci?^, with a flat structure map A — > Ra such 
that 

(1) (A -> R A ) ® A k = (k^R) and A A ® A k = A. 

(2) (i? K , A K ) is F-pure (resp. strongly F-regular) for every closed point s in a 
dense open subset of Spec A, where k = k(s) denotes the residue field of 
s G Spec A, R K = Ra <8u k(s) and A K = A^ ®a k(s). 

(R, A) is said to be of dense F-pure type if in the above condition (2) "dense open" 
is replaced by "dense." 

Example 1.5. Let R = k[x\, . . . , x n ] be an n- dimensional polynomial ring over 
a field k of characteristic zero and A = div^x^ 1 + ■■■ + xfr). Then, (R,tA) is of 
strongly F-regular type (resp. of dense F-pure type) if and only if min{l, Ym=i j~} > 
t (resp. min{l,£r=ii} > t). 

1.2. Birational Geometry. We recall definitions and fundamental properties of 
singularities which appear in the Mori theory, and of multiplier ideal sheaves. Refer 



to | KM ] and [La] for details. 

Let Y be a normal variety over a field of characteristic zero and A a Q-Weil divisor 
on Y such that Ky + A is Q-Cartier, that is, riKy + A) is a Cartier divisor for 
some positive integer r, where Ky is the canonical divisor of Y . Let / : X — > Y 
be a resolution of singularities such that U s i=1 Ei + /~ 1 A has simple normal crossing 
support, where Exc(/) = U| =1 £/j is the exceptional divisor of / and f~ 1 A is the 
strict transform of A in X. We denote by Kx the canonical divisor of X. Then, for 
some integers bi, . . . ,b s , 

s 

riKx + f^A) ~ f*(r(K Y + A)) + Y / b i E i . 

lin. ' 

i=l 

Hence we have 

s 

K x + f^A ~ f*(K Y + A) + V a^, 

Q-lm. ^— ' 

where a; = 6j/r (i = 1, . . . , s). 
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Definition 1.6. Under the same notation as above: 

(1) We say that the pair (Y, A) is Kawamata log terminal (or kit for short) if 
a, > —1 for every i — 1, . . . , s and [A J < 0. 

(2) We say that the pair (Y, A) is log canonical (or Ic for short) if a« > —1 for 
every i = 1, . . . , s and the coefficient of A in each irreducible component is 
less than or equal to one. 

(3) The multiplier ideal sheaf 3(Y, A) associated to A is defined to be 

J(Y, A) = UO x {\K x - f*(K Y + A)l). 

Remark 1.7. (i) The above definitions do not depend on the choice of a desin- 
gularization / : X — > Y. 
(ii) When A is effective, J{Y, A) is indeed an ideal sheaf. However in case A 
is not effective, it is generally not a submodule of Oy but a fractional ideal 
sheaf. 

Basic Properties. In the situation of the above definition: 

(1) For every Q-Weil divisor A' < A on Y, J(Y, A') D J(Y, A). 

(ii) For every Cartier divisor A' on Y, J(Y, A + A') = J(Y, A) <g> y CV(-A'). 

(iii) The pair (Y, A) is kit if and only if JiY, A) D Oy- In particular when A is 
effective, (Y, A) is kit if and only if J(Y, A) = Oy. 

Proposition 1.8 (cf. [|KM|, Proposition 5.20], ]La], Example 5.26]). Let f : X -> Y 

be a finite covering of normal varieties which is etale in codimension one and A an 
effective Q- Weil divisor on Y . Then 

J(Y, A) = J(X, /* A) n o Y . 

Proposition 1.9 ([DEE]). (1) (Restriction Theorem) Let Y be a normal vari- 
ety, A an effective divisor on Y such that Ky + A is Q-C 'artier, and H a 
reduced Cartier divisor which is not in the support of A. Assume that H is 
a normal variety. Then 

J(H,A\ h )CJ(Y,A)-O h . 

(2) (Subadditivity Theorem) Let Y be a non-singular quasi-projective variety, 
and Ai and A2 be any two effective Q-divisors on Y . Then 

J(Y, A, + A 2 ) C J(Y, AO ■ J(Y, A 2 ). 



Example 1.10 ( ||La|| ). (1) When Y is a non-singular variety and A is a Q- 
Weil divisor on Y with simple normal crossing support, then J{Y, A) = 

CV(-LAJ). 

(2) Let Y = C n with coordinates xx,...,x n and A = divy^ 1 + ■ • ■ + x d ^). 
Then, (Y,tA) is kit (resp. lc) if and only if min{l, Yli=i t} > t ( res P- 

nnn{\.n :-} >')■ 

(3) Let Y = C d with coordinates xi,...,x d and A = div Y (x d+1 H h x d d +1 ). 

Then, J(y*A) = (x 1 ,...,x d ). 
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2. A-TIGHT CLOSURE 

In this section, we introduce the notion of A-tight closure which is suggested in 
|biW| , Problem 5.3.2] and see that the A-tight closure operation satisfies properties 



similar to those of the "usual" tight closure operation (see ||Hu]1 for the theory of 



"usual" tight closure). Moreover, using the A-tight closure operation, we define the 
ideal t(R, A), which is a generalization of the "usual" test ideal. 

Notation. Let R be a normal domain of characteristic p > and A an effective 
Q-Weil divisor on SpecR. 

• We always use the letter q (resp. q', q") for a power p e (resp. p e \ p e ") of p. 

• For any ideal / in R, we denote by the ideal of R generated by the q th 
powers of elements of I. 

• For any divisorial ideal J of R (i.e., J = R{D) for some unique integral 
Weil divisor D), we denote by J (m - ) the reflexive hull of J m . If J = R(D) = 
R([D\), then J( m ) = R{m[D\). 

• The notation e R((q — 1)A) denotes R((q — 1)A) itself, but viewed as an 
.R-module via the e-times Frobenius map F e : R — > R((q — 1)A). 

• When (R, m) is local, we denote by E R the injective hull of the residue field 
R/m. 



Definition 2.1 (cf. RHW] , Problem 5.3.2]). Let JVCMbe modules over an F-finite 



normal domain R of characteristic p > and A an effective Q-Weil divisor on Spec R. 
We denote by F e : M = M ® R R — > M ® R e R((q — 1) A) the e-times Frobenius map 
induced on M which sends z E M to z q := F e (z) = z <g> 1 E M ® R e R((q - 1)A). 
Set N$ A := Im (F e (N) -> F e (M)). Then the A-tight closure C M of iV in M 
is defined as follows: z E Nff if and only if there exists a nonzero element c E R 
such that cz q := z ® c E N$ A for all q = p e > 0. 

N = N ® R II M = M® R R 



N ® R e R((q - 1)A) M ® R e R((q - 1)A) 

Moreover, the finitistic A-tight closure N* h f^ 9 C M of iV in M is defined to be 
Nlf f9 := UiV*£, where M' runs through all finitely generated i?-submodules of M 

which contain N. 

Remark 2.2. (i) When A = 0, A-tight closure coincides with "usual" tight clo- 
sure. 

(ii) In general, Nffi C (iVjj^)jJ^. In this sense, the A-tight closure operation is 
not a "closure operation." 

(iii) Let I be an ideal in R. Then, jf A = I^R((q - 1)A). 

(iv) We can replace e R((q — 1)A) by e -R(|~gA]) in the above definition. 
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In general, iV*f /s C N$. If M itself is finitely generated, then iVf /s 

T\T*A 



Basic Properties. In the situation of the above definition, 

(i) N C iVjf. 

(ii) Ntf/N = Of 



(iii) For any effective Q-Weil divisor A' < A on Speci?, C iVf . 



'Af/iV 

Q-Weil divisor A' < A on Spec 

(iv) For any effective Cartier divisor A' on SpecR, A^ A+A ^ = iVf : R(-A'). 

(v) If (R, A) is strongly F-regular, then J* A = I for every ideal I in i?. 

Strong F-regularity can be characterized via A-tight closure. 

Lemma 2.3. Let (R,xn) be an F-finite normal local ring of characteristic p > and 
A an effective Q-Weil divisor on SpecR. Then (R,A) is strongly F-regular if and 
only if Of = ; where E = E(R/m) is the injective hull of the residue field R/m. 

Proof. The proof is essentially the same as that for the no boundary case [|Hal| , 
Proposition 2.1]. 

Assume that (R, A) is strongly F-regular and fix any element z G Of. Then there 
exists a nonzero element c G R such that cz q := cF e (z) = for all q = p e ^> 0. Let 

<j) { c e) : Rom R (R((q - l)A) 1/<? , R) -> Rom R (R, R) = R 
be an i?-module homomorphism induced by the i?-linear map 

for each q = p e . Since (R, A) is strongly F-regular, is surjective for all q = p e ^> 
0. Since the -R-module homomorphism cF e : E —> E (g>^ e R{{q — 1)A) which sends 
z to cz 9 is the Matlis dual of cf)t\ cF e is injective for every q = p e ^> 0. Hence we 
have z — 0. 

Conversely, suppose that Of = 0, and fix any nonzero element c & R. If 2 is 
a nonzero element of the socle (0 : m)^ of E, then there exists q = p e such that 
cF e (z) 7^ 0. Since (0 : m)^ is an one-dimensional R/m- vector space, we can take q 
which works for every z G (0 : m)^. Then cF e is injective on (0 : m)^. Since E is 
an essential extension of (0 : m)^, cF e itself is injective. Taking the Matlis dual of 
cF e , we know that (jyf* is surjective, namely (R, A) is strongly F-regular. □ 

We introduce A-test elements which are very useful to show the propositions 
about A-tight closure. When A is zero, a A-test element is nothing but a test 
element in the theory of "usual" tight closure. 

Definition 2.4. Let R be an F-finite normal domain of characteristic p > and A 
an effective Q-Weil divisor on Speci?. A nonzero element c G R is called a A-test 
element if for each ideal I in R, x G I* A if and only if cx q G I^R(\qA~\) for all 
q = p e . 



By the following lemma, which is a generalization of [ |HH2| , Theorem 3.3], A-test 
elements always exist. 
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Lemma 2.5. Let R be an F-finite normal domain of characteristic p > 0. Let 
c G R be any nonzero element such that the localization R c with respect to c is 
strongly F -regular. 

(1) For every effective divisor A on R, (R, A) is strongly F-regular if and only 
if there exists q = p e such that c 1 ' q R R(\qA~\) 1 / q splits as an R-module 
homomorphism. 

(2) For every effective divisor A on R, c n is a A-test element for some positive 
integer n. 

Proof. Let d G R be any nonzero element. 

Claim 1. For some q' and sufficiently large q", there exists an /^/""-module homo- 
morphism 

R{ \qq'q"A] f' qq ' q " -> R{ \qq" A]) 1 ^" , d l ' qq ' q " h-> c 1/q . 

Proof of Claim 1. Since R c is strongly F-regular, by the proof of ||HH2j , Theorem 
3.3], for some q' and sufficiently large q", there exists an .R-module homomorphism 

Tensoring with .R(|~gg"A~|) and taking qq"-th roots, for each q = p e , we get an 
R x lii -linear map 

R( \qq'q"A~\fl qq ' q " -> i?( [gg"A] d 1/qq ' q " h-> c 9 "^" = c Vs. 

□ 

First we will show (1). Suppose that there exists q = p e such that c l l q R 
i^fgA]) 1 / 9 splits as an .R-module homomorphism, that is, there exists an .R-linear 
map ^([gA]) 1 / 9 -> R sending c 1/g to 1. We may replace q" in Claim 1 suitably (for 
example, q" = q n for some positive integer n), and then there exists an .R-module 
homomorphism R(\q" A~\) l l q " — ► i? which sends 1 to 1. Tensoring this with R(\qA~\) 
and taking g-th roots, we obtain an R l l q -\m.eax map R(\qq" A~\) 1 l qq " — > RdqA]) 1 ^ 
which sends 1 to 1. By composing these maps with the R}l qq " -linear map in Claim 
1, we get the following .R-module homomorphism 

R{\qq'q"A~\) 1,qq ' q " -> R( \qq"A] ) 1/qq " -> i?([gA]) 1/9 -> i?, 
rfV^fl" __> C V9 __> c Va x. 

This establishes (1). 

Next we will prove (2). When d — 1, then we can take p as g' in the proof of 
Claim 1, namely, there exists an .R-module homomorphism 

h : R 1/p ->R, 1h c q ". 

We replace c q " by c, and then it is enough to show that c 3 is a A-test element. 

Claim 2. For every q = p e , there exists an .R-module homomorphism 
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Proof of Claim 2. When q — p, then tensoring h with i?( [A] ), we obtain an i?-linear 
map 

hi : R(p\A]y/ p -> R(\A\) l^c. 
Hence we may set g± — c - hi. Suppose that the assertion holds for q = p e . Then, by 
tensoring with R((p — 1)|~A~|) and taking p-th roots, we obtain an i? 1//p -linear map 
R(pq\A~\) 1 / pq -> R(p\A~\) l l p which sends 1 to c 2 ' p . We may compose this with an 
R 1 /P-modn\e homomorphism R(p\A]) 1 ^ p — > R(p\A]) 1 ^ p which sends 1 to c^ p_2 ^ p , 
and then with hi. 

R(pq\A]) 1/pq -> R(p\A]) 1/p -> i?G»[A]) 1/p -> i?, 

1 i — ► c 2/p i — >c\ — > c 2 . 
This is a required homomorphism for pq = p e+1 . □ 

Thanks to Claim 2, tensoring g e » with R(\qA] — [A]) and taking q-th roots, we 
obtain an i? 1//,? -module homomorphism 

i?( \qq" A] ) 1 '™" -> i?( [gAl 1 i-> c 2 / 9 . 

Therefore, by Claim 1, there exists an i? 1 / 9 -linear map 

i^YAl) 1 /^" ^ ^(^"A]) 1 ^" -> R(\qA]) 1/q , 

d^/iiW c i/9 c 3/« 

Thus, dx wV ' G J^' ,? "] J R([gg / g // Al) implies cV G i M i?( [gA]). It follows that c 3 is 
a A-test element. □ 

Now we define the ideal r(i?, A). 

Definition 2.6. Let i? be an F-finite normal domain of characteristic p > and 
A an effective Q-Weil divisor on Y = Spec/?. Then the ideal r(i?, A) is defined 
to be t(R, A) := f| M Ann R (0^) C R, where M runs through all finitely generated 
i?-modules. 

Remark 2.7. When A = 0, r(i?, A) coincides with the "usual" test ideal which is 
generated by (A-)test elements. However even if Ky + A is Q-Cartier, r(R, A) may 
not be generated by A-test elements. Therefore We do not call r(i?, A) the A-test 
ideal. 

Basic Properties. In the situation of the above definition: 

(i) For any effective Q-Weil divisor A' < A on Speci?, we have t(R,A') D 
t(R,A). 

(ii) For any effective Cartier divisor A' on Speci?, we have r(R,A + A') = 
t(R,£)® r R(-A'). 

(iii) If (i?, A) is strongly F-regular, then r(i?, A) = R. 

Theorem 2.8. Let R be an F-finite normal domain of characteristic p > and A 
an effective Q-Weil divisor on Y = Speci?. Let E = @ m E(R/m) , where m runs 
through all maximal ideals of R. 
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(1) 



t(R, A) = : I* A ) = Ann R (0] 

where the intersection in the middle term is taken over all ideals I in R. 
(2) If Ky + A is a Q-Cartier divisor, then 

r(R,A)=Ann R (0f). 

Proof. By the same argument as in the proof of [ |HH 1| , Proposition 8.23], we see 
that n M Ann fl(°M) = fW : J * A ) = Arni R (0* E Af9 ). So we will prove (2). We 
may assume that (R, m) is local. Since 0^ A ~D 0^ A ^ 9 , it is enough to show that 
Ann K (0^ A ) 3 f)j(I : -^* A ) under the assumption that K Y + A is Q-Cartier. 

We use the same strategy as that of | |Ha3| . For a sequence of elements x = 
xi, . . . , Xd of R and a positive integer t, we write x* = x\, . . . , x d . For an R- module 
M, we denote 

£(x,t,M):=Ker< M <-*->" M 



(x)M (x*)M, 
We also denote 

/C(x,oo,M) := |J/C(x,t,M). 

teN 

Claim. Let (R, m) be a d- dimensional normal local ring of characteristic p > and 
JCiJa divisorial ideal. Let x = X\, . . . ,Xd be a system of parameters of i?. Suppose 
that there exist a nonzero element c G i? and integer to >2 such that 

c/C(x 9S , oo, J lq] R{{q - 1) A)) C /C(x 9S , t , J [q] R((q - 1) A)) 

for all s > 1 and q = p e > 0. Then Ann fl (0^ (J) ) D H/( J : J * A )- 

Proof of Claim. Let £ G Ot^, n , i.e., there exists a nonzero element d G -R such that 

<i£ 9 = G tf£(J) ® fi e R{{q - 1)A) for every g = p e > 0. Note that H*[J) = 
lim J/(x*)J, where the direct limit map J/(x*)J — > J/(x t+1 )J is the multiplication 
by Xix 2 ■ ■ - Xd- Therefore £ is represented by z mod (x s ) J G J/ (x s ) J for some z G J 
and s > 1. We may assume that s = 1. 
Now the natural map 

J ^(( 5 -l)A) ■ W- 1 ^) 



(x*)J u 7 7 (x«*)jMi2((g-l)A) 

induces a map 



(x«*)J[«li2(( ? -l)A) 

which sends £ 9 to the class of z q mod (x 9 ) J^R((q— 1)A). Thus, for every g = p e 3> 0, 

- 1)A) 



class of dz q mod (x 9 ) J l9j i?((g - 1)A) = G lim 



x 9 *)jMi?((g- 1)A)' 
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whence dz q G IC(x q , oo, J^R((q — 1)A)). By our assumption, we have cdz q G 
)C(-x q ,t , jMR((q - 1)A)), namely, 

cdz q ( Xl ■ ■■x d ) q(t0 ~ 1) G (x qt0 )J [q] R((q - 1)A) 

for every q = p e ^> 0. It implies that z{x\ ■ ■ ■ £d) £ ((x*°)J)* A . Fix any element 
a G : I* A ). Then az{x t ■ ■■x d ) ( - t °~ 1 ^ G (x*°)J. Thus it follows that 

a£ = class of az mod (x) J = G lim J/ (x*) J. 

Hence the element a is contained in Ann^((0^ , „). □ 

Let J = R{D) C i? be a divisorial ideal which is isomorphic to the canonical 
module ur as an R- module. Now we will prove that there exist a nonzero element 
d G R and a system of parameters x = Xi, . . . , x d of R such that 

a7C(x 9S , oo, J M i?((g - 1)A)) C /C(x gs , 2, J [q] R((q - 1)A)) 

for all s > 1 and g = p 6 ^> 0. Since r(£) + A) is a Cartier divisor for some positive 
integer r, let R(r(D + A)) = yi?. Fix any a G R(—rA), and let := ay G J. Then, 
by ||Wi| , Lemma 4.3], there exist an element X2 G R which is not in any minimal 
prime divisor of x\ and c G J such that x^J^ 71 ' C c n i? for all n > 0. The sequence 
Xx, X2 can be extended to a system of parameters x = x\, . . . , x d for R. Now given 
any power q = p e , write q — 1 = kr + i for integers k and i with < % < r — 1. Then 
we have 

c r x\R{krD + {q- 1)A) C c r x^ r ( J (fcr) ® fl i2((g - 1)A))** 

C c kr+r R{{q - 1)A) 
c>l%-l)A), 

where ( )** denotes the reflexive hull. Since G J^ q \ this implies that 

c r (x! • • -Zi-iXi+i • ■■x d ) q8 R{krD + (q - 1)A) C J M i?((g - 1)A) 
for every s > 1 and i = 1, . . . , n. Therefore, letting ci = c r , we have 



Cl ' Im r l X ' J[^((g-1)A) 



^ ™w/ 9S * +gs . fl(*xD + ( g -l)Ah \ _ 
v ' jMi2((g - 1)A) J J ~ 

for all s,t > 1. On the other hand, let d G R be a test element (By Lemma |27 
such c' always exists). If z G R(iA) is an element such that z mod (x qs )R(iA) G 
K(x qs ,oo,R(iA)), then 

aze(if,... ) if):(xi-x n r (1 - 1) 



for some i > 1, so oz G . . . , x^)* by colon-capturing ||HH1|1 . Hence, letting 
C2 = a ■ d, we have 

c 2 /C(x 9S , oo, fl(AxD + (q - 1) A)) = c 2 /C(x 9S , oo, R(iA)) = 0. 
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Thus, applying ||Ha3| , Lemma A. 3] to the exact sequence 

- JHJK(, - 1)A) _ R(krD + ( 9 - 1)A) _ ggg±iiZ^) _ , 
we see that 

Cl c 2 /C(x 9S , oo, J M fl((g - 1) A)) C /C(x 9S , 2, J M i?((g - 1)A)) 
for all s,t > 1. Thanks to the claim, we obtain the assertion. □ 

Remark 2.9. Theorem |2.8| implies that under the condition that R is complete and 
Ky + A is Q-Cartier, the fmitistic A-tight closure of zero coincides with the A-tight 
closure of zero in E. In case A = 0, this holds without the assumption that R is 
complete (See |[AM]| , |[Mc| and ||Sm2|| ). Hence we believe that this coincidence of the 



fmitistic A-tight closure and the A-tight closure is true, even if R is not necessarily 
complete. 

By Lemma [2.3| , if K R + A is Q-Cartier, then t(R, A) defines the locus of non-F- 
regular points of (R,A) in SpecR. 

Corollary 2.10. Let (-R, m) be an F-finite normal local ring of characteristic p > 
and A an effective Q- Weil divisor on Spec R such that Ky + A is Q-Cartier. Then 
(R, A) is strongly F-regular if and only if r(R, A) = R, which is equivalent to the 
condition that I* A = I for every ideal I in R. 

From now on, we treat only the case where Kr+A is Q-Cartier, whence t(R, A) = 
Annfi(0^ A ). The following proposition corresponds to Proposition 



Proposition 2.11. Let (R,m) > (S, n) be a finite local homomorphism of F-finite 
normal local rings of characteristic p > which is Stale in codimension one. Let Ar 
be an effective Q-Weil divisor on SpecR such that K R + A^ is Q-Cartier, and A s 
be the pullback of A R by the induced morphism tt : Spec S — > Spec R. Assume that 
deg 7r is not divisible by p. Then 

t(R, A R ) = r(S,A s )nR. 

Proof. Note that, by ||KM| , Proposition 5.7], R is a direct summand of S as an 
-R-module. Therefore we consider E R as a direct summand of E s = S ® R E R . 
If £ G 0*e^ r , then there exists a nonzero element c G R such that c£ g = in 
E R ®r e R((q - 1)A R ) for all q = p e > 0, so = in E s ® R e R((q - 1)A R ) = 
Es <S)s e S((q— l)As) (this equality follows from the assumption that R "-^ S is etale 
in codimension one). This implies that t(S, A s ) C\RC. t(R, A r ). 

Conversely, let c be a nonzero element of t(R,A r ), and fix any nonzero element 
deR. LetF|: E R ^ E R ® R e R((q-l)A R ) (resp. F§ : E s -> E s ® s e S((q- 1)A S )) 
be the e-times Frobenius map induced on Er (resp. Es). Then c- fl Ker dF R = for 

e>e' 

every q' = p e> . Since Er is Artinian, there exists q" = p e " such that fl Ker dF R = 

e>e' 

fl Ker dF R . As in (Step 1) of the proof of Theorem 2.13 , for every e" > e > e', 

e">e>e' 
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there exist c e G R and an i?-module homomorphism <pj : R((q — l^A) 1 / 9 — > i? 
sending (i 1 / 9 to c e such that Yl c e = c. Since R 5 is etale in codimension one, 

e">e>e' 

by tensoring this homomorphism with £?s over i?, we get the following commutative 
diagram (cf. [|HW| , Theorem 4.8]) 



^s®5 e ^((g-l)As) 




where the S'-linear map e : Es ®s e S((q — 1) A^r) — > £?s sends z ® d to c e z. There- 
fore KerdFJ C (0 : c e )£ s for every e" > e > e'. Since c e = c, we have 

e">e>e' 

fl Ker gLFJ C (0 : c)e s , and hence c • H Ker dF| = for every d E R and 

e">e>e' e>e' 

g' = p e '. Since i? ■=— > 5 is a finite extension of normal domains, so dS fl R ^ for all 
nonzero elements d E S. Therefore c • fl Ker dF§ = for every d E S and g' = p e ' , 

e>e' 

namely, c G r(S f , As). □ 
Hara and Yoshida informed the author of the restriction theorem and subaddi- 



tivity theorem for the ideal "r(i?, a)" (See [[HYj , Theorem 4.1 and Proposition 4.4]). 
Their results inspire him to obtain the restriction theorem and subadditivity theorem 
for u t(R, A)" which correspond to Proposition |1.9| . 

Proposition 2.12. (1) (Restriction Theorem) Let (R,vci) be a complete normal 
Cohen-Macaulay Q-Gorenstein local ring of characteristic p > 0, and assume 
that the order of the canonical class in the divisor class group Cl(R) is not 
divisible by p. Let A be an effective Q-Cartier divisor on Speci?, that is, 
rA = dxvn(y) for some positive integer r and nonzero element y E R, and 
x E R be a nonzero divisor such that R/xR is normal and y ^ xR. Then, 
denoting S := R/xR, we have 

T {S, A | Sp e C s) C t{R,A) ■ S. 

(2) (Subadditivity Theorem) Let (R, m) be a complete regular local ring of char- 
acteristic p > 0, and Ai and A 2 be any two effective Q-divisors on Spec R. 
Then 

t(R, A x + A 2 ) C t(R, Ax) • t(R, A 2 ). 
Proof. (1) We identify E s with (0 : x) En- 
Claim 1. 

o* A n£ s co; A|spccS . 



Proof of Claim 1. First we will look at the Frobenius actions on Er and Eg- Since 
R is Cohen-Macaulay, we have the following commutative diagram with exact rows 
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for infinitely many q = p e (See the proof of ||HW| , Theorem 4.9]). 

E s E R 

E s ® 5 e S E R ® r e R 

We fix sufficiently large such q = p e . If £ £ 0^ ClEs, then for some nonzero element 
c £ R, we have cF|(£) = in Er ®r e R((q — 1)A). We write q — 1 = A;r + i for 
integers and i with < i < r — f . Then there exists a nonzero element d £ i? such 
that c' ^ xi? and c'x q ~ 1 y k F R \£ s ) = in £7r ®_r e -R. Hence, by the above diagram, 
c'y k F$(t) = in E s ® 5 e S, so that c'FJ(£) = in E s ® 5 e S((g - I )A| SpC cs) for 
infinitely many q = p e . Since d <£ xR, it implies that £ £ 0^' SpocS . □ 

Since R is complete, by [[Ha3| , Lemma 3.3], we have 0^ = (0 : t(R,A))e r - Thus 

(0 : x) K = (0 : t(R } A) + xR) Er = (0 : T{R ^ R +xR ) Es 

= (0:t(R,A)-S) Es . 

In light of Claim 1, t(R, A) • S — Anns(0 : x) »a D t(S, A|s pec 5)- 
(2) First we consider the following claim. 

Claim 2. Let R = k[[xi, . . . ,x n ]] (resp. S = k[[yi, . . . ,y m )]) be an n-dimensional 
(resp. m-dimensional) complete regular local ring over a field k of characteristic 
p > and Ar (resp. As) an effective Q-Weil divisor on Speci? (resp. SpecS 1 ). Let 
T = R(&kS = k[[xi, . . . ,x n ,yi, . . . ,y m ]\, and we denote by pr : SpecT — > Speci? 
and ps ■ Spec T — > Spec 5* natural projections. Then 

r(T,p* R A R +p* s A s ) C (t(R,A r ) ® k r(S,A s ))T. 
Proof of Claim 2. It suffices to show that 

but it is clear since E? = Er ® k Es- □ 

Let p : T = R<§) k R — > R be a diagonal map, and we denote by pi (resp. p 2 ) 
: SpecT — > Speci? the first (resp. second) projection. Then the natural surjection 
T — > T/Kerp = R is a complete intersection, so it follows from the repeated appli- 
cation of the restriction theorem that t(R,Ai + A2) C r{T,p\ A\ + p 2 A 2 ) • R- On 
the other hand, by Claim 2, r(T,p*A! +p* 2 A 2 ) ■ R C r(i2, A x ) • r(i2, A 2 ). Therefore 
the assertion follows. □ 

Theorem 2.13. Let (R,m) be an F-finite normal local ring of characteristic p > 
and A an effective Q-Weil divisor on Y = Speci? such that Ky + A is Q-Cartier. 
Let f : X — > Y = Spec R be a proper birational morphism with X normal. Then 

t(R, A) C H°(X, O x {\K x - f*(K Y + A)])). 
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Proof. The essential idea of the proof is seen in [ |HW| , Theorem 3.3] and | Wa|] . Our 
proof consists of six steps. 

(Step 1) Take any nonzero element c G r(R,A), and fix a nonzero element d G 
R{— [A]). Then, for every q' = p e ' > 0, we have c • fl Ker cdF e = 0, where 

e>e' 

F e : E R — > E R <S)r e R((q — 1)A) is the e-times Frobenius map induced on E R . Since 
E R is Artinian, there exists q" = p e " such that fl Ker cdF e = fl Ker cdF e . Let 

e>e' e">e>e' 

<p e : Hom fl (i*((g - l)A) 1/g , R) -> Hom B (i?, fl) = fl 

be an fl-linear map induced by the fl-linear map R R((q - l)A) 1/g , and 

set ip = © tp e . Since cdF e is the Matlis dual of (p e , the condition that c • 

e">e>e' 

fl Ker cdF e = implies that c G Imyj. Hence, for every e" > e > e', there exist 

e">e>e' 

c e G fl and an fl-module homomorphism e ' : fl(((7 — l^A) 1 / 9 — * fl sending (cd) 1 ^ 
to c e such that Yl c e = c. 

e">e>e' 

(Step 2) We will prove that [A — div#(c)J < 0. Assume to the contrary that A 
has a component Ao such that the coefficient of A in Ao is at least 1 + t>A (c), where 
t>A is the valuation of Ao- Since the coefficient of (q — 1)A + div R (d) > qA in Ao 

is g(l + v a (c)) or more, the fl-linear map R ► R((q — 1)A) /q factors through 

R fl((l + fA (c))A ). Hence, for every e" > e > e', e ' induces an fl-module 
homomorphism R((l + t>A (c))A ) — > fl which sends 1 to c e . Thus there exists an 
fl-linear map R((l + t>A (c))A ) — > R sending 1 to c. This is a contradiction. 

(Step 3) Let (p e = d}l q (pj . The fl-module homomorphism <p e (resp. (j)J) induces an 
fl-linear map ip e (resp. ipe) '■ R{{q ~ 1)A + div^c)) 1 ^ — >■ fl(div R (c e )) which sends 
1 (resp. d 1/<? ) to 1. We may assume without loss of generality that X is Gorenstein 
(cf. the proof of ||HW| , Theorem 3.3]). Thanks to the adjunction formula, we may 
regard ip e (resp. %pj) in 

Rom R (R((q - 1) A + div^c)) 1 /", fl(div B (c e ))) 

fl([(l - q)(K Y + A) + gdiv fl (c e ) - dw R (c)])^ 

as a rational section of the sheaf Ox((l — q)Kx), and consider the corresponding 
divisor on X 



D e = D^, e = (ip e ) - (^e)oo (resp. Dj = D^ e > = {ip e ') - (ip e ')oo), 

where (V> e )o an d (^ e )oo (resp. (^eOo an d {^J)oo) are the divisors of zeros and poles of 
ip e (resp. ipe) as rational sections of 0x((l — q)Kx)- Clearly, D e = Dj + divx(d). 
By definition, D e and _D e ' are linearly equivalent to (1 — q)Kx, and ((p e )oo and 
((pe')oo are /-exceptional divisors. Hence f*D e (resp. f*Dj) is linearly equivalent to 
(1 — g)-Ky and f*D e (resp. f*Dj) > [(q — 1)AJ — gdiv fi (c e ) + div fi (c). We denote 
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X' — X \ Supp (V'e)oo- Then ip e lies in 

mm 0xl {O xl {dw xl {c)f/\O xl {dw xl {c e ))) 

H°(X', O x ,((l - q)K x , + qdw x ,(c e ) - div X '(c))). 

(Step 4) We will show that the coefficient of D e in each irreducible component is 
q — 1 or less. Assume to the contrary that there exists an irreducible component 
D e fi of D e whose coefficient is at least q. Let vo e be the valuation of D e Q and 
ol = qvD efi (c e ) - v De , {c) + q. Then vf) e lies in 

H°(X', O x ,(((l - q)K x , + gdiv x ,(c e ) - div^(c)) - aD efi )) 

^ Rom 0xl (O x ,(aD efi + div X '(c)) 1/9 , O x ,(div x ,(c e ))). 

Therefore, we get the following commutative diagram. 

O x ,^-+ O x ,(q(v De:0 (c e ) + l)D efl + (divx'(c) - v Defi {c)D efi )f^ 

^O x ,(div^(c e )) 

However the natural inclusion map 

O x > ^ O x ,{q{v Defi {c e ) + l)D efi + (divx'(c) - ^D e , (c)£>e,o)) 1/9 

factors through Ox'(( t '-D e ,o( c e) + 1)-De,o)) an d the above commutative diagram implies 
(i)fl e0 (c e ) + l)-D e ,o < divx'(ce). This is absurd. Hence every coefficient of _D e in each 
irreducible component must be at most q — 1. 

(Step 5) We denote by Uj =l Ej the exceptional divisor of / and by /^T 1 A / the strict 
transform of A' := A — div^(c) in X. Then we write 

s 

K x + f^A' ~ /* (X y + A') + ^ 

Let S e ' = - J" 1 A'. Then S e ' is Q-linearly equivalent to -{K x + /^A'), so 

that / t 5 e ' is Q-linearly equivalent to -f*(K x + /~ 1 A / ) = — (ify + A'). Hence /*-B e ' 
is Q-Cartier. Since 5 e ' + X^=i a j-^j * s Q-linearly equivalent to —f*(K Y + A'), we 
know that (Bj ' — f* /*-B e ')+X^=i is an /-exceptional divisor which is Q-linearly 
trivial relative to /. Hence 

(B e '-f*f.B e ')+Y,ajEj = 0. 

3=1 

(Step 6) Now, by (Step 3), 

fM -(q- 1)A' > (L(g - 1)AJ - qdiv R (c e ) + div fl (c)) - (q - 1)A' 
> -A" + g(div R (c) - di Vi? (c e )) 
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for some effective Q-Cartier divisor A" on Y which is independent of q. This implies 
f*B e ' > -^A" + ^(div^c) - div R {c e )), whence 

f*f*B e > --^-jf*A" + -A_(div x (c) - divx(ce)). 

On the other hand, we have seen in (Step 4) that the coefficient of D e in Ej is at 
most q — 1. Since D e = Dj + div x (d) and we can assume that the coefficient of 
divx(^) — f*A" in Ej is greater than zero, the coefficient of Dj + f*A" in Ej is less 
than q — 1. Hence the coefficient of Bj — f* f*Bj in Ej is less than f — ^-(divx(c) — 
divx(ce)). Since Yl c e = c, for every j = 1, . . . , s, there exists e" > e > e' such 

e">e>e' 

that VeJc) > Ve, (c e ), where v%. is the valuation of Ej. Therefore via (Step 5) we 
have dj > —1. 

It follows from the above result and (Step 2) that 

div x (c) + \K X - f*(K Y + A) = \K X - f*(K Y + A')H > 0, 

that is, c G H°(X, O x (\K x - f*(K Y + A)])). □ 

Remark 2.14. By using the argument in (Step 1) of the proof of Theorem |2.13| , we 
can also define the F-purity and F-regularity for ineffective divisors, and prove the 
similar results as those for effective divisors. However, the definition of F-purity and 
F-regularity for ineffective divisors is very complicated, therefore we only treat the 
effective case in this paper. 

Example 2.15. (1) When R is a regular local ring and A is an effective Q-Weil 
divisor with simple normal crossing support, then t(R,A) = R(—[A\). 
(2) Let R = k[[xi, . . . , Xd]] be a rf-dimensional complete regular local ring over 
a field k of characteristic p > and A = div R (xf +1 + ■ ■ ■ + x d d +1 ). If the 
characteristic p > d + 1, then t(R, ■ d 4^A) = (x±, . . . , x^- 



3. Main Theorem 

To state the main result, we will explain the meaning of the phrase "in charac- 
teristic p ^> 0." 

Let R be a normal domain which is finitely generated over a field k of characteristic 
zero and A an effective Q- Weil divisor on Spec R such that Ky + A is Q-Cartier. 
Let / : X — > Speci? be a resolution of singularities such that Exc(/) + f~ l A has 
simple normal crossing support. Choosing a suitable finitely generated Z-subalgebra 
A of k, there exists a finitely generated normal flat A-algebra Ra, an effective Q- 
Weil divisor A^ on Specif, a smooth A-scheme and a birational A-morphism 
/a '■ Xa — > Spec Ra such that K Ra + Aa is Q-Cartier, Exc(/ J 4) + /^~ 1 A J 4 has simple 
normal crossing support, and by tensoring k over A one gets back R, A, X and 
/ : X — > SpecR. Given a closed point s G Spec A with residue field n = k(s), we 
denote the corresponding fibers over s by f K : X K — > Specif, A K , etc. Then the 
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pairs (R K , A K ) over general closed points s G Spec A inherit the properties possessed 
by the original one (R, A). 

Now we fix a general closed point s G Spec A with residue field k = k(s) of suf- 
ficiently large characteristic p ^> 0. Then we refer to the fibers over s G Spec A as 
"reduction modulo p 3> 0," and use the phrase "in characteristic p ^> 0" when we 
look at general closed fibers which are reduced from characteristic zero to charac- 
teristic p ^> as above. 

The following lemma is essential to prove "F-properties" in characteristic p ^> 0. 

Lemma 3.1 ( |[Ha2| , Proposition 3.6, Corollary 3.8]). Let (R,m) be a normal local 
ring of dimension d > 2, essentially of finite type over a perfect field k of character- 
istic p > 0. Let f : X — > Speci? be a resolution of singularities and D an f -ample 
Q-C 'artier divisor on X with simple normal crossing support. We denote the closed 
fiber of f by Z . If (R, m) is the localization at any prime ideal of a finitely generated 
n-algebra which is a reduction modulo p ^> as well as X, D and f : X — > Spec R, 
then the e-times Frobenius map 

F e : H d z (X, O x {-D)) - H d z (X, Ox(-qD)) 

is injective for every q = p e . 

Now we state our main result. 

Theorem 3.2. Let (R,xn) be a normal local ring essentially of finite type over a 
field of characteristic zero and A an effective Q-Weil divisor on Y = Speci? such 
that Ky + A is Q-Cartier. Then, in characteristic p 0, 

t(R,A) = J(Y,A). 

Proof. Thanks to Theorem [2.13| , it suffices to prove that t(R, A) D J~(Y, A) in 
characteristic p ^> 0. Let / : X — ► Y = Speci? be a resolution of singularities such 
that Exc(/) + f^ X A has simple normal crossing support. 

Take a nonzero element c G R(— A re( j) such that R c is regular, where A re( j is the 
reduced divisor whose support is equal to that of A. Let A' = div^(c). Then there 
is a rational number < e < 1 such that [/*(^y + A)J = [f*(K Y + A + eA')J . Take 
an /-ample Q-Cartier divisor H on X which is supported on the exceptional locus of 
/such that [f*{K Y + A + eA')-H\ = [f*{K Y + A)\. Set D = H-f* {K Y + A + e A') 
and we may assume that Exc(/) + /7 1 (A + eA / ) has simple normal crossing support 
again, replacing / suitably. By Lemma in characteristic p > 0, the e-times 
Frobenius map 

F e : H d z (X, O x (f*(K Y + A))) - H d z (X, O x {-qD)) 

is injective for every q = p e , where Z is the closed fiber of /. 
On the other hand, let 

6 : H d m {R{K Y )) - H d (X, O x {f*{K Y + A))) 
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be the Matlis dual of the natural inclusion map 

J(Y, A) = H°(X, O x (\K x - f*(K Y + A)])) - R, 

and 

6 e : H d m (R(q(K Y + A + eA'))) - H d (X, O x (-qH + qf*(K Y + A + eA'))) 
the natural map induced by an edge map of the Leray spectral sequence 

Hi{H\X, O x (qf*(K Y + A + eA')))) =► H? j (X, O x (qf*(K Y + A + eA'))). 
Then by the Matlis duality, 

R ° mR ( jrP~A~j ' E *) = Ann ^m(fl(^))^( r ' A )' 
( R(\K Y -q(K Y + A + eA')]) 



ker(5) 
ker(5 e ) 



Ann 



H*(R(q(K Y +A+eA')))H ®X ( \K X + g.D~|)). 



We obtain the following commutative diagram with exact rows for every q = p e . 



-> ker(<5) 



-> ker(5 e 



K(R(K Y )) 



H d (X,O x {-D))^0 



H d m (R(q(K Y + A + eA'))) — O^(-gD)) - 



Take any element £ G H^(R(K Y )) \ker(<5). By the above diagram, ^ 9 ^ ker(<5 e ). By 



Lemma [2.5| , c n is a A-test element for some positive integer n, and for sufficiently 
large q, 

H°(X, O x {\K x + q(H — f*(K Y + A + eA'))] )) 

C c n+1 H\X, O x (\K x + q(H - f*(K Y + A))])). 

Hence 

c n+1 e £ Ann HUR(g{KY+m H (X, O x {\K x + q(H - f*(K Y + A))])). 

If £ G 0^ (r(k y )Y t ^ Len ^ y ^ e P ro °f °f Lemma p~5|, we have c n £ 9 = in H^(R( \qK Y + 
qA})). Therefore c n+1 £ 9 = in H^(R(q(K Y + A))), and this is a contradiction. It 
follows that 

°*A(R(K Y )) ^ ker ( J ) = Ann ^(i?(^))^( F ' A )> 
and by Matlis duality (see flHa3| , Lemma 3.3]), r(R, A) D ^(F, A). □ 



Remark 3.3. When A = 0, Theorem 13.21 coincides with the results of Hara |ltla3|| and 



Smith [ Sm2 |. However, since R is not necessarily Q-Gorenstein in our situation, we 
cannot use their strategy which is to reduce the case where R is quasi- Gorenstein 
by passing to an index one cover. 

As a direct consequence of the main theorem, we get the equivalence of kit pairs 
and strongly F-regular pairs. 
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Corollary 3.4 ([ [HW| , Conjecture 5.1.1]). Let (R, m) be a normal local ring essen- 
tially of finite type over a field of characteristic zero and A an effective Q- Weil 
divisor on Y = Speci? such that Ky + A is Q-Cartier. Then, (Y, A) is kit if and 
only if (R, A) is of strongly F-regular type. 



Hara and K.-i. Watanabe ||HW| , Problem 5.1.2] conjectured that (Y, A) is lc if 



and only if (R, A) is of dense F-pure type. The following result about log canonical 



thresholds is a piece of evidence for their conjecture. See |[Ko|| for the basic properties 
of log canonical thresholds. 

Corollary 3.5 ( ||HW| , Conjecture 5.2.1]). LetY be a normal variety in characteristic 
zero with only kit singularity at a point y EY and A be an effective Q-Cartier divisor 
on Y . We denote by C y (Y, A) the log canonical threshold of A at y G Y , that is, 

C y {Y, A) = sup{t G M >0 | (y, tA) is lc at y G Y} 
= sup{t G M >0 | (Y,tA) is kit at y G Y}. 

Then, 

C y (Y,A) = sup{i G Q>o | (Oy, y ,tA) is of dense F-pure type} 

= sup{t G Q>o | (Oy, y ,tA) is of strongly F-regular type}. 



Proof. By [|HW| , Theorem 3.7], the pair of dense F-pure type is lc. Hence the asser- 



tion is clear. □ 
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